Beyond the Van Der Waals loop: What can be learned from simulating Lennard-Jones fluids inside the region of phase coexistence Am. J. Phys. 80, 1099Phys. 80, (2012 The Enigma of the Aerofoil: Rival Theories in Aerodynamics, 1909-1930. Am. J. Phys. 80, 649 (2012 Additional information on Am. J. Phys. The dynamics of a simple pendulum consisting of a small bob and a massless rigid rod has three possible regimes depending on its total energy E: Oscillatory ͑when E is not enough for the pendulum to reach the top position͒, "perpetual ascent" when E is exactly the energy needed to reach the top, and nonoscillatory for greater energies. In the latter regime, the pendulum rotates periodically without velocity inversions. In contrast to the oscillatory regime, for which an exact analytic solution is known, the other two regimes are usually studied by solving the equation of motion numerically. By applying conservation of energy, I derive exact analytical solutions to both the perpetual ascent and nonoscillatory regimes and an exact expression for the pendulum period in the nonoscillatory regime. Based on Cromer's approximation for the large-angle pendulum period, I find a simple approximate expression for the decrease of the period with the initial velocity in the nonoscillatory regime, valid near the critical velocity. This expression is used to study the critical slowing down, which is observed near the transition between the oscillatory and nonoscillatory regimes.
I. INTRODUCTION
The dynamics of the simple pendulum, a small bob of mass m tied to a fixed point O by a massless, rigid rod of length ᐉ, is analyzed in most introductory physics textbooks. When it oscillates with a small amplitude, the approximation sin Ϸ , where is the angular displacement from the vertical, yields a linear equation of motion whose solution is a sinusoidal function of time with a constant period T 0 =2 ͱ ᐉ / g, with g the local acceleration of gravity. 1 This approximate solution works well for Ͻ 7°, for which T 0 gives an error less than 0.1% compared to the exact period. [2] [3] [4] For larger amplitudes the nonlinear nature of the pendulum oscillations becomes apparent. Although the sinusoidal solution remains a good approximation to the exact solution of the nonlinear equation of motion for small amplitudes, the period increases rapidly with the amplitude. 5 Although the oscillatory motion is more common, there are two other possibilities. When the pendulum starts its motion from = 0 with an initial velocity v 0 Ͼ 0, as indicated in Fig. 1 , one of the following three regimes is observed. 6 
͑1͒
The oscillatory regime occurs when the total energy E is less than 2mgᐉ and is thus insufficient for the bob to reach the top position ͑the point P͒. ͑2͒ Perpetual ascent occurs when the pendulum has exactly the energy needed to reach the top, that is, E =2mgᐉ.
This energy corresponds to an initial velocity v 0 =2 ͱ gᐉ, which we call the critical velocity v c for the transition from the oscillatory to the nonoscillatory regime. ͑3͒ The nonoscillatory regime occurs when E Ͼ 2mgᐉ, a case in which the pendulum rotates periodically without velocity inversions.
As shown in some textbooks on nonlinear differential equations ͑see, for example, Ref. 7͒ and recent papers, 8, 9 the exact analytical solution of the nonlinear equation of motion for regime ͑1͒ can be derived for arbitrary amplitudes in terms of an elliptic function and the complete elliptic integral of the first kind, 10 and an exact expression for the large-angle period in terms of a elliptic integral can be found. 2, 5, 8, 9, 11, 12 The integral expression for the solution ͑t͒ can also be derived from energy considerations.
2,5,11
For regimes ͑2͒ and ͑3͒, the equation of motion is usually solved numerically for a given initial condition. 13 In regime ͑3͒, in which we are more interested here, the period ͑the time to make a complete rotation͒ can be determined by subtracting the times obtained for two adjacent "plateaus" in the numerical values of the solution = ͑t͒, as indicated in Ref. 13 . This numerical procedure is needed in the absence of an analytical expression for the period of the rotating pendulum.
In this paper I use energy considerations to derive exact analytic solutions for the motion of the pendulum in both the perpetual ascent and the nonoscillatory regimes. From the similarity of the solutions for regimes ͑1͒ and ͑3͒, I deduce an exact expression for the period of the motion in the nonoscillatory regime. Based on an approximate relation by Cromer, 14 I also find a simple approximate expression for the dependence of the period on the initial velocity v 0 , valid near the critical velocity. From this expression, I extract information on the critical properties of the transition between regimes ͑1͒ and ͑3͒.
II. EXACT ANALYTICAL SOLUTIONS
For completeness we solve the pendulum equation of motion analytically in terms of elliptic integrals and functions for the three regimes of motion. The pendulum equation of motion is
Because of its nonlinearity, the solution of Eq. ͑1͒ for a given initial condition is usually determined by numerical methods, as done in Ref. 13 , where it is shown that essentially the same method works for both the oscillatory and the nonoscillatory regimes. An exact analytic solution, as well as an exact expression for the period, both in terms of elliptic integrals and functions, is known only for the oscillatory 'regime. 8, 11 To derive the exact analytic solution of Eq. ͑1͒ for the nonoscillatory regime, we use the conservation of energy approach in Refs. 2, 5, and 11.
By taking the lowest point of the circular trajectory as our reference level for the potential energy, the total energy ͑a constant of motion͒ reads E = mv 2 / 2+mgh, where v is the speed of the bob and h is its height ͑see Fig. 1͒ . Because h = ᐉ͑1 − cos ͒ and v = ᐉ , where ϵ d / dt, we have
By solving for 2 and using the identity sin
is valid for all . For simplicity, we adopt the initial condition ͑0͒ = 0 and ͑0͒ = v 0 / ᐉ. 13, 15 The counterclockwise direction of motion will be taken as positive, as indicated in Fig. 1 .
A. Oscillatory regime
In this regime 0 Ͻ E Ͻ 2mgᐉ, and the bob reaches a maximum height corresponding to the amplitude max ͑0 Ͻ max Ͻ ͒, stops, returns to its lowest position, and repeats this motion symmetrically for negative values of . By applying Eq. ͑3͒ to the highest position, where = 0, we have
ͪ.
͑4͒
Because the potential energy is zero at =0, E = mv 0 2 / 2. Therefore,
͑5͒
From Eq. ͑3͒, we find
which is equivalent to Eq. ͑7͒ in Ref. 8 . Equation ͑6͒ is a separable differential equation, but the two possible signs hinder its direct integration. This difficulty can be circumvented by restricting the integration domain to a time interval during which is always positive ͑or zero͒, which allows us to take the "+" sign in Eq. ͑6͒. In this way, by integrating Eq. ͑6͒ from t = 0 to any subsequent time t Յ T / 4, where T is the period of the resulting oscillations, we have
This integral cannot be written in terms of elementary functions. 2, 16 However, the change of variables sin͑ / 2͒ = k sin , where k ϵ sin͑ max / 2͒, yields
where 0 ϵ ͱ g / ᐉ and sin ͑t͒ = sin͓͑t͒ / 2͔ / k. The advantage of this change is that we can identify the integral in Eq. ͑8͒ as u͑ , k͒, the incomplete elliptic integral of the first kind. 16 Therefore,
This relation can be inverted by taking into account the Jacobi elliptic functions ͑see, for example, Refs. 11 and 17͒. The three basic elliptic functions are defined as the inverses of u͑ , k͒, for a given k ͑k 2 Ͻ 1͒, 16, 17 sn͑u;k͒ ϵ sin , cn͑u;k͒ ϵ cos , and dn͑u;k͒
By taking the elliptic sine on both sides of Eq. ͑9͒, we find sn͑u;k͒ = sin͑u;k͒ = sin = 1 k sin͓͑t͒/2͔. ͑11͒
The solution for ͑t͒ is ͑t͒ = 2 arcsin͓k sn͑ 0 t;k͔͒. ͑12͒
Because sn͑u ; k͒ is periodic in u, this solution is periodic in t. 18 To determine the period T, note that the time for to equal max for the first time equals T / 4. Therefore Eq. ͑8͒ becomes Fig. 1 . According to our choice of the initial condition, the pendulum starts its motion from = 0 with a nonzero initial velocity v 0 , directed from the left to the right.
This definite integral is K͑k͒, the complete elliptic integral of the first kind. 2, 5, 16, 17, 19 Eq. ͑13͒ yields the following compact form for the period:
where T 0 is the period in the limit of small amplitudes.
B. Perpetual ascent
In this regime the pendulum has exactly the energy required to reach the top, namely, E =2mgᐉ. This energy corresponds to v 0 =2 ͱ gᐉ ϵ v c , which is the critical velocity for the transition from the oscillatory to the nonoscillatory regime. In this case, Eq. ͑3͒ simplifies considerably, becoming 2 = ͑4g / ᐉ͒cos 2 ͑ / 2͒. Because 0 Յ Յ , it follows that cos͑ / 2͒ Ն 0, and thus this differential equation simplifies to
is separable and can be readily integrated in terms of elementary functions. By integrating from t =0 ͑when =0͒ to any t Ͼ 0, we find
͑16͒
The trigonometric terms in the argument of the logarithm can be combined into one, resulting in 0 t = ln tanͩ ͑t͒ + 4 ͪ.
͑17͒
We solve Eq. ͑17͒ for ͑t͒ and obtain ͑t͒ = 4 arctan͑e 0 t ͒ − . ͑18͒
For t Ͼ 0, ͑t͒ in Eq. ͑18͒ is a monotonically increasing function of t. Note that → as t → ϱ. Thus, in this regime the pendulum takes an infinite amount of time to reach the top and never turns back. Therefore, this motion is not periodic. Perpetual ascent is only of theoretical interest because it is impossible for an experimental setup to satisfy Eq. ͑18͒ even in the absence of friction.
C. Nonoscillatory regime
In this regime the pendulum has an energy E Ͼ 2mgᐉ, and Eq. ͑3͒ becomes
where ϵ ͱ 2mgᐉ / E = v c / v 0 . By proceeding with separation of variables and integrating the resulting expression from t = 0 to time t Ͼ 0, we have
The change of variables = / 2 yields
where ϵ ͱ E / ͑2mᐉ 20 From the similarity with Eq. ͑8͒, we deduce that ͑t͒ = 2 arcsin͓sn͑t;͔͒, ͑22͒
which is the desired solution. In this last step, we have assumed that t Յ T / 2 to be consistent with the way the function arcsin x is defined, with x ͓−1,1͔ and the principal values taken in ͓− / 2,+ / 2͔. Because the elliptic sine in Eq. ͑22͒ is a periodic function, the motion is periodic, which means that the pendulum repeats its position and velocity after each complete turn. To derive a closed form expression to the period, we note that the time the pendulum spends climbing from =0 to = is equal to T / 2, and thus Eq. ͑21͒ becomes
is valid for 0 Յ t Յ T / 2 and gives solutions 0 Ͻ ͑t͒ Ͻ . To get positive values for ͑t͒ in the range T / 2 Ͻ t Ͻ T so that the solution is continuous at t = T / 2, we change Eq. ͑22͒ to ͑t͒ = 2 − 2arcsin͓sn͑t;͔͒. ͑25͒
For t Ն T, the periodicity of the solution given by Eqs. ͑22͒ and ͑25͒ yields ͑t − nT͒ = ͑t͒, where n ͑a positive integer͒ is the number of turns completed at time t. This periodicity leads to the concise form
ͪTՅtϽ͑n+1͒T. ·
͑26͒
We next obtain some approximate expressions that will be useful in Sec. III. For 0 Ͻ v 0 Ͻ v c , the sinusoidal approximation with the same period as the exact solution can be found by analogy with the approach introduced in Ref. 8 . By noting that the solution must have an amplitude max , we find
where max ͑v 0 ͒ = 2 arcsin͑v 0 / v c ͒, in agreement to Eq. ͑5͒, and T͑v 0 ͒ is the exact period given in Eq. ͑14͒. The approximate dependence of T on v 0 can be obtained for v 0 near to v c ͑that is, for max close to ͒. The first term in the series expansion of K͑k͒ near k = 1 for k Ͻ 1 is
͑28͒
By substituting this expression in Eq. ͑14͒, we have
͑29͒
where
is analogous to Cromer's formula. 14 For the nonoscillatory regime, in which v 0 Ͼ v c , the harmonic approximation with the same period can be derived by restricting ͑t͒ to the interval ͓0,2͔ and fixing the amplitude at for all values of v 0 . We require that our approximation has the same period T = T͑v 0 ͒ as the exact solution given in Eq. ͑24͒ and obtain
The dependence of T on v 0 can be found by taking the first term of the series expansion of K͑͒ about = 1; see Eq. ͑28͒. By substituting this term in Eq. ͑24͒, we find
͑31͒
where ͑v 0 ͒ = v c / v 0 .
III. EXACT AND APPROXIMATE RESULTS
In Fig. 2 we show the dependence of the period on the initial velocity. The interval 0 Ͻ v 0 Ͻ v c corresponds to the oscillatory regime. At v 0 = v c , T diverges to infinity, which corresponds to perpetual ascent. The interval v 0 Ͼ v c corresponds to the nonoscillatory regime. Note that the curve is not symmetrical with respect to v c . For v Ͻ v c we see that the period increases from T 0 , first slowly and then rapidly, and approaches infinity as v 0 → v c − . For v 0 Ͼ v c , the period decreases rapidly with increasing v 0 , approaching zero as v 0 → ϱ. The dashed curves are for the approximate expressions in Eqs. ͑29͒ and ͑31͒. Note that these expressions provide very good approximations in the neighborhood of the singularity at v 0 = v c .
In Fig. 3 we show the evolution of the analytic solution for 0 Ͻ v 0 Ͻ v c according to Eq. ͑12͒. The curves were computed for v 0 = 0.707v c , 0.985v c , and 0.999v c , corresponding to max = 90°, 160°, and 175°. These curves are not sinusoidal, as can be confirmed by comparing them with the corresponding dashed curves, which are for the harmonic approximation in Eq. ͑27͒.
In Fig. 4 we show the evolution of the analytic solution for v 0 Ͼ v c according to Eq. ͑22͒. As done in Ref. 13 , the angular displacements are restricted to the interval ͓0,2͔ for better visualization. The curves are not sinusoidal, as can be confirmed by comparing them with the corresponding dashed curve, which are for the harmonic approximation in Eq. ͑30͒.
The transition from oscillatory to nonoscillatory motion is better illustrated by the plot in Fig. 5 . When v 0 is smaller than v c ͑Ref. 21͒ but very close to it, the bob spends most of its time moving around the top at very low speeds. As v 0 
IV. CRITICAL SLOWING DOWN AND REGIME TRANSITION
An advantage of the analytical approach is that it yields exact expressions for the period as a function of v 0 in both the oscillatory and nonoscillatory regimes so that we do not need to generate extensive numerical values of = ͑t͒, one for each value of v 0 , as done in Ref. 13 . We can also study critical slowing down and the transition from the oscillatory to the nonoscillatory regime more easily because we know the asymptotic behavior of the elliptic integral K͑k͒ for k near its singularity at k = 1, as given by Eq. ͑28͒, from which it is easy to obtain analytical approximations for the period which work better as v 0 approaches v c .
For 0 Ͻ v 0 Ͻ v c , we have from Eq. ͑29͒
Because ln͑1+v 0 / v c ͒Ϸln 2 when v 0 is sufficiently near to v c , Eq. ͑32b͒ can be rewritten as
or simply
which was proposed in Ref. 13 , Eq. ͑10͒. By comparing our Eq. ͑33͒ with Eq. ͑34͒, we find K = 6 ln 2 and C = 2. This value of C is in good agreement with the value C = 1.99 obtained in Ref. 13 by solving Eq. ͑1͒ numerically. To show that these curves are not sinusoidal, the harmonic approximations with the same period, as given in Eq. ͑27͒, are included ͑see dashed curves͒. The curve for v 0 = v c , obtained from Eq. ͑18͒, is also included for comparison.
